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Abstract
The goal of nuSTORM is to provide well-defined neutrino
beams for precise measurements of neutrino cross-sections
and oscillations. The nuSTORM decay ring is a compact
racetrack storage ring with a circumference of ∼480 m that
incorporates large aperture (60 cm diameter) magnets. There
are many challenges in the design. In order to incorporate
the Orbit Combination Section (OCS), used for injecting the
pion beam into the ring, a dispersion suppressor is needed
adjacent to the OCS. Concurrently, in order to maximize the
number of useful muon decays, strong bending dipoles are
needed in the arcs to minimize the arc length. These dipoles
create strong chromatic effects, which need to be corrected
by nonlinear sextupole elements in the ring. In this paper,
a FODO racetrack ring design and its optimization using
sextupolar fields via both a Genetic Algorithm (GA) and a
Simulated Annealing (SA) algorithm will be discussed.
INTRODUCTION
The schematic drawing of the nuSTORM [1,2] facility is
presented in Figure 1. A high-intensity proton beam of 120
GeV is directed onto a target, producing a large spectrum
of secondary pions within a wide range of momenta. The
forward pions centered around 5 GeV/c are focused by a
collection magnetic horn and inserted through a chicane into
the straight section of the storage ring. Muons produced
within the storage ring acceptance by pion decay along the
straight section are stored for approximately the muon life-
time before they are dumped prior to the next spill [3]. In
turn muons decay producing neutrino beams of known flux
and flavor (µ+ → e+ + ν¯µ + νe or µ− → e− + ν¯e + νµ).
Considering that a neutrino experiment does not require the
beam to be bunched, and the fact that synchrotron radiation
loss of the muons can be neglected, the nuSTORM ring does
not require RF cavities.
The critical design challenge is in storing the maximal
number of muons for enough number of turns. The nuS-
TORM solution is to design a large-acceptance storage ring
(accepting a momentum spread of δ = dP/P0 ≈ ±10% and
an unnormalized transverse RMS emittance 300 µm·rad) and
to inject higher-momentum pions from a large-acceptance
pion beamline (PBL) into the production straight section.
The PBL uses stochastic injection to guide the pion beam
into the 3.8 GeV/c decay ring [4–6], for which the center
momentum is chosen to optimize the neutrino flux in the de-
sired energy range. The stochastic injection is implemented
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in a Orbit Combination Section (OCS) designed to combine
the orbits of the 5 GeV/c reference pion and 3.8 GeV/c ref-
erence muon. The OCS creates a large dispersion at the
entrance of the section to set the orbit of the 5 GeV/c pion ∼
25 cm away from that of the 3.8 GeV/c muon. After the OCS,
the dispersion is suppressed to zero such that the orbits are
combined. The performance of the PBL design was investi-
gated in G4Beamline [7]. Figure 2 shows the distribution
of pions in the transverse phase space at the downstream
face of the magnetic collection horn. An ellipse showing the
fitted 300 µm·rad acceptance (6 times the RMS emittance)
aperture is displayed. An Iterative Gauss-Newton (IGN)
fitting method was used to remove the fitting bias caused
by particles with extra-large emittance. Based on the PBL
design, the horn can be optimized to obtain a 15% increase
in neutrino flux [8].
The goal of the nuSTORM ring is to circulate the muon
beam generated in the production straight section, as de-
scribed above. The design of an OCS type stochastic injec-
tion requires the dispersion Dx to be large at the injection
point, so that the two separate orbits can be combined. How-
ever, a large Dx naturally enlarges the beam size, and is
hence harmful to the transmission in the ring. Accordingly,
directly next to the injection point, Dx needs to be at a much
lower value. In fact, Dx should be suppressed anywhere
except at the OCS or the OCS mirror, which directs the pi-
ons that remain at the end of the production straight to an
absorber. This needs strong dipoles and quadrupoles, which
create large natural chromaticities. Sextupoles, placed where
the linear dispersion Dx is large for correcting the natural
chromaticity, also introduce higher order dispersion terms,
which for large δ are non-negligible and enlarge the beam
size. In addition, sextupoles introduce non-linear resonances
and geometric aberrations. For a decay ring long dispersion-
free straight sections are desired, and the ratio of straight to
arc needs to be as large as possible.
As a consequence, inserting sextupoles in the nuSTORM
FODO ring is challenging. An algorithm is therefore needed
to choose the best sextupole correction scheme to optimize
the acceptance of the large muon beam, directly from multi-
particle tracking, rather than trying to correct all the chro-
matic and geometric aberration terms. A Genetic Algorithm
(GA) or a Simulated Annealing (SA), both of which are
metaheuristic, can be applied for this purpose. In this paper,
the linear optics design of the nuSTORM FODO ring and
the sextupole correction are discussed.
LINEAR OPTICS DESIGN
The nuSTORM decay ring incorporates the OCS de-
scribed above. A schematic drawing of the OCS and produc-
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Figure 1: The schematic of the beamline structure in the nuSTORM facility
Figure 2: The distribution of 5 ± 1 GeV/c pions in the trans-
verse phase space, as generated using MARS15 [9], and the
corresponding fitted 2 µm·rad Gaussian acceptance ellipse.
The fitting results from the IGN method and the covariance
matrix are shown in green and red, respectively. The IGN
method conserves the core shape of the distribution.
tion straight section of the ring is shown in Figure 3. The
injection happens at the leftmost of the figure, while the
undecayed pions can be extracted in the “mirror OCS" at the
end of the production straight as mentioned above.
The production straight is composed of standard FODO
cells, within which muons decay to useful neutrinos. The
FODO cells are designed to accommodate both muons and
pions by providing separate periodic optics for the two ref-
erence momenta. The optics of the 3.8 GeV/c reference µ
from the FODO cell to the injection point is shown in Fig-
ure 4, in which beams move from right to left. D(0)x at the
injection point was intentionally designed to be large enough
to allow for a 40 cm separation from the two reference orbits
at injection.
There are two schemes for the arc design. In the first
scheme, the average linear dispersion is kept small by im-
plementing an achromat cell structure. This scheme was
ruled out in the early stage of the design because of the
difficulty in obtaining a small natural chromaticity and in im-
plementing sextupolar field correction in the non-dispersive
sections. The other scheme uses combined-function dipoles
with nonzero D(0)x in arcs. Two options for this scheme are
discussed in this article. The first option uses arcs with
superconducting magnets, while the second uses normal
conducting arcs.
Despite the resulting large beam size, large β⊥ are prefer-
able in the production straight section because of the smaller
divergence of the produced neutrino beam. For the opposite
straight section, where the neutrino beam is not used and
which is used for adjusting the total tunes, a smaller β⊥ has
been chosen. As a result, the ring has only one reflection
symmetry, for which the reflection axis is the connection
between the straight section centers.
The circumference of the ring is approximately 480 me-
ters, which is slightly bigger than the Fermilab Booster. With
arcs of approximately 60 meters as in the preferred design
scheme being discussed later, the fraction of the ring cir-
cumference that is useful for neutrino production is ∼ 0.39.
This geometry also makes it possible to utilize the intense
νµ or ν¯µ beam from the injected pi+ or pi− decay, as the neu-
trino signals can be distinguished from electron and muon
neutrinos from muon decay through timing.
With the lifetime of 3.8 GeV/c muons in the lab frame
being ∼ 79µs, approximately 87% of them will decay in
100 turns. Consequently, the number of muons that survive
100 turns (with decay turned off in G4Beamline) in tracking
is used as the “benchmark" for comparing the ring designs.
In this section, two arc designs, one with superconduct-
ing combined function magnets and the other with normal-
conducting combined function magnets, are presented. The
superconducting and normal-conducting magnets allow the
pole-tip field to go up to 4 T and 2 T, respectively.
Arc design with superconducting combined func-
tion magnets
In this design, superconducting combined-function mag-
nets were used. The combined-function magnets have the
advantage of making a compact arc, and reducing the natural
Figure 3: The schematic drawing of the OCS and production straight part of the decay ring.
Figure 4: The 3.8 GeV/c reference µ optics from the FODO
straight to the injection point. Both circulating muons and
injected pions travel from right to left.
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where the combined function magnets, although with a
strong dipole field and therefore smaller bending radius,
suppress Cx by adding the counter-part K . The vertical
chromaticity is not arbitrarily suppressed by introducing the
combined function magnets. The linear optics of this design
are shown in Figure 5. The key parameters of the ring are
shown in Table 1.
However, as explained above, the natural linear chromatic-
ity is only one of the many factors that determines the ring
performance. In order to find the tune footprint of the ring
lattice, a Frequency Map Analysis (FMA) method, analyzed
by elegant [11], is employed to gain more insight, especially
on the nonlinear properties of the ring. First the tune shifts
with amplitude are checked with on-momentum particles.
The FMA of on-momentum particles with proper aperture
limits added in elegant is shown in the upper plots of Fig-
ure 6. The lower plots show that the chromatic effects of
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Figure 5: The Twiss functions of the ring design with arcs
formed by superconducting combined-function magnets.
Table 1: Parameters of the decay ring design with supercon-
ducting combined function dipole arcs
Parameters Values (units)
Central momentum P0,µ 3.8 (GeV/c)
Circumference 488.5 (m)
Arc length 59.8 (m)
Production straight L 181.56 (m)
Non-production straight L 187.34 (m)
(νx , νy) (8.12, 4.63)
(Cx = dνx /dδ, Cy = dνy/dδ) (-4.29,-6.62)
this design are investigated by doing the FMA analysis on
particles within a full momentum range of δ ∈ ±10%.
As illustrated by the plots, the natural chromaticities are
greatly reduced in this scenario. As in an ordinary FODO
ring design the chromaticities are slightly larger than the
betatron tunes of the ring [10]. The tune dependence on the
particle action is small for this design, however the chro-
matic driving terms still dilute the tune distribution in the
tune plane without a clear pattern. Because of the combi-
nation of chromatic and geometric nonlinear effects in the
ring, the FMA yielded scattered accepted tunes on the tune
plane. Thus the acceptance of the lattice is better determined
by multi=particle tracking using for instance the symplectic
Figure 6: The Frequency Map Analysis (FMA) of the ring design with superconducting combined function dipoles in the
arcs in the X-Y space (left) and on the betatron tune plane (right), for on-momentum particles (upper) and off-momentum
particles within the full range of δ = ±0.1 (lower) are analyzed. No sextupole corrections were added.
tracking of MADX-PTC [12, 13]. The tracking was done
for a muon beam with Gaussian transverse distribution, for
which the transverse admittance is 2000 µm·rad, and with a
uniform momentum distribution within 3.8 ± 10% GeV/c.
The data correspond to 105 particles, if not specified other-
wise. Apertures for each magnet element are defined such
that particles outside the apertures are intercepted and lost.
Without the sextupole correction, the number of particles sur-
viving 100 turns is 58%, and around ∼ 10% of the starting
particles are lost within the first turn. More specifically, the
loss is highest at both the OCS and the OCS mirror, where
both βx and Dx are large. This large loss is to some extent
inevitable because of the stochastic injection functionality
of the OCS.
Arc design with normal-conducting combined
function magnets
Another possible design option was proposed to avoid
the complexity of introducing cryogenic equipment into the
facility. The arc was redesigned to include only normal-
conducting combined-function dipoles. The parameters of
the new design option are listed in Table 2, and the linear
optics functions are plotted in Figure 7.
With respect to the design based on superconducting
dipoles, the new design has a bigger circumference (536
compared to 488), and requires more combined function
dipoles (24 compared to 13). The drift space between mag-
nets is also too small for individuals sextupoles to be placed,
therefore, the sextupole correction could only be added to the
Table 2: Parameters of the decay ring design with non-
superconducting arc dipoles
Parameters Values (units)
Circumference 535.9 (m)
Arc length 86.39 (m)
Straight length 181.56 (m)
(νx , νy) (6.23, 7.21)
(dνx /dδ, dνy/dδ) (-3.11,-12.73)
combined-function dipoles, making them multipoles, which
still keeps the pole-tip field below 2 Tesla. The survival rate
for 100 turns before sextupole corrections is 50%.
SEXTUPOLE CORRECTION
OPTIMIZATION USING A GENETIC
ALGORITHM
Sextupole correction is needed in the ring to improve the
acceptance of the ring. In this section, the correction scheme
and its optimization for the ring design with superconducting
combined function dipoles in the arcs are described.
Due to the space limits between magnets, sextupole fields
also need to be added to the quadrupoles in the arcs to form
combined function multipoles. Quadrupole-sextupole com-
bined function magnets have been designed and tested by
many experiments, for example in [14, 15]. This arc design
allows 5 individual sextupoles and 1 combined function mul-
tipole, all at dispersive locations, to carry sextupole fields.
Figure 7: The linear optics of a nuSTORM decay ring design
with conventional combined function dipoles in the arcs. βx :
black, βy: red, Dx : green.
The Genetic Algorithm [16] has been applied in many ac-
celerator fields, including muon facilities [8]. The algorithm
can test a wide range in parameter space to propose new gen-
erations of individual solutions that have a high probability
of surpassing the older generation. In this study, the same
GA module as described in [8], written in Python, was used
on NERSC (National Energy Research Scientific Computing
Center). In this study, the single objective of the optimiza-
tion is to maximize the number of particles that survive 100
turns. For tracking the MAD-X PTC TRACK module has
been used. The 9 optimization variables include 6 sextupo-
lar field strengths and 3 drift space lengths. The tracking
is started from the middle of the production straight shown
as the starting point in Figure 5. The initial muon beam is
generated based on the covariance matrix of the beam at that
point with the momentum of particles uniformly distributed
within 3.8± 10% GeV/c, and the transverse phase space nor-
mally distributed within the 2000 µm·rad acceptance. After
optimization the acceptance, defined as the percentage of
particles surviving 100 turns, was increased from 58% to
67%.
The FMA of the post-optimization ring design is shown
in Figure 8. The FMA results imply that the sextupole cor-
rections are not capable of correcting all the higher order
terms.
The histograms of the average survival turns for particles
in each momentum bin are shown in Figure 9. Both the pre-
optimization and post-optimization lattice tracking results
are plotted and compared. It is observed that, there are
major stopbands at two δ locations, δ ≈ −0.05 and δ ≈ 0.03.
When |δ | is close to 0.1, the acceptance is further limited by
higher-order chromatic effects, such as the terms in Table 3.
The algorithm, while not able to correct all the nonlinear
effects, finds the global optimum and nicely corrects one
stopband.
In order to validate the optimization and investigate on the
δ ∼ 0.03 stopband shown in Figure 9 that the GA did not im-
Table 3: Comparison of the principal terms corrected by the
sextupole optimization
Parameters Before sextupole
correction
After sextupole
optimization
dνx/dδ -4.29 -4.61
d2νx/dδ2 -3.62 0.41
d3νx/dδ3 -326 166
dνy/dδ -7.34 -6.68
d2νy/dδ2 -10.7 -3.79
d3νy/dδ3 -94.1 -78.5
D2 21.2 1.57
D3 958 831
prove, a special test beam, with 300 µm·rad transverse RMS
emittance and δ ∈ [0.02, 0.04] was generated for tracking.
The optimization was run again to find the optimum cor-
rection scheme specifically for this beam. The acceptance
for this beam was increased from only 16% to 88% by the
algorithm. As a comparison, the average number of survived
turns for particles in each momentum bin, corresponding to
Figure 9, is plotted in Figure 10.
It can be seen that, the stopband at δ = 0.03 was success-
fully corrected by the optimization. The comparison of this
correction scheme and the optimized correction scheme is
shown in Figure 11. The color of each marker represents the
increase in the acceptance at each δ −  value combination
where  is the emittance of the beam. The low acceptance of
the full-sized beam (upper-right points of the lower picture
in Figure 11 supports the hypothesis that the correction of
this momentum stopband creates other nonlinearities and
thus is not a globally optimum configuration. The figure
indicates that for finding a global optimum the optimization
must be carried out for the actual beam.
CONCLUSIONS
The nuSTORM muon decay ring aims to accept a muon
beam with both a large transverse admittance of 2000 µm
and a large momentum range of 3.8 ± 10% GeV/c. It has
been shown that the beam is greatly affected by the nonlin-
earities of the lattice. Due to the constraints on the ratio of
arc section lengths to straight section lengths, the sextupole
correction for the nonlinearities is limited by the number
of sextupoles or sextupolar fields that can be placed in the
ring and their strengths. A design with arc cells formed by
superconducting combined function dipoles was discussed
in this paper. From a multi-particle tracking in which the
beam was normally distributed with a 300 µm·rad RMS
emittance and uniformly distributed in momentum within
3.8 ± 10% GeV/c, 58% of the particles circulate 100 turns.
The sextupole correction scheme was optimized with a ge-
netic algorithm, the acceptance of the designs is increased
to 67%. The effectiveness of the optimization was validated
by using different initial beams and optimizations. It was
shown that the heuristic algorithms can find the best balance
Figure 8: The FMA of the post-sextupole optimization ring design with combined function dipoles in the arcs in the X-Y
space (left) and on the betatron tune plane (right), on-momentum particles (upper) and off-momentum particles within the
full range of δ = ±0.1 (lower) are analyzed.
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Figure 9: The average number of turns that particles in
each momentum bin survive. The initial beam has a 300
µm·rad transverse RMS emittance and a momentum spread
of δ ∈ ±10%. The upper and lower plots correspond to data
from the pre-optimized lattice and post-optimized lattice,
respectively.
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Figure 10: The average number of turns that particles in
each momentum bin survive. The data were obtained from
tracking of a beam with 300 µm·rad transverse emittance
and a momentum spread of δ ∈ [0.02, 0.04], which is a
limited band that is not improved by the full optimization in
Figure 9. The upper and lower plots correspond to data from
the pre-optimized and post-optimized lattice, respectively.
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Figure 11: The increase in acceptance of different beams,
represented by the ratio of the acceptance of the optimized
lattices to the linear lattice. Upper: the original optimized
lattice; Lower: the optimized lattice for a beam with 300
µm·rad transverse admittance and a momentum spread of
δ ∈ [0.02, 0.04].
among all the dominant nonlinearities for each beam, and
find the global optimum of the problem.
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